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Estimates of long-term transport of constituents commonly are obtained by summing retransformed
estimates from regressions of logarithmically transformed response variables. Typical explanatory
variables for these regressions include functions of flow, change in flow, time, and time of year. The
mean and mean square error of four estimators of long-term transport at periodically measured stations
are presented as a function of the observed values of the explanatory variables from the long-term
record and summary statistics of the regression data. Estimates of the mean square errors can be used
in designing sampling strategies to attempt to minimize the uncertainty in the estimation of long-term
transport subject to a constraint on the number of samples to be taken. This uncertainty is expressed
in terms of the explanatory variables in the long-term record, the regression coefficients and standard
error of the regression and the mean and covariance structure of the explanatory variables used in the

regression.

INTRODUCTION

The study of surface water quality problems often in-
volves making estimates of the transport of various constit-
uents past some cross section of a river. This is frequently of
interest in the examination of sediment or nutrient budgets
for water bodies with long residence times, such as lakes,
reservoirs, or estuaries. It is also useful in the evaluation of
the fate and transport of a constituent. There may be
estimates of the inputs of the constituent to the river basin
from point sources, land application, erosional loss, or
atmospheric deposition. Comparison of the transport out of
the river basin with these estimated inputs can be useful in
understanding the relative importance of storage, transfor-
mation, or other unexpected losses or gains of the constitu-
ent in question.

The specific problem considered in this paper is the
accuracy of estimates of constituent transport past a station
at which there is a continuous record of streamflow and
periodic measurements of concentration. The approach con-
sidered here is to use the flow record (or other continuously
measured variables that are available and useful) to make
estimates, using a regression model, of the load on the
individual days of the record and then summing these daily
estimates to form an estimate of the total transport for the
period of interest. The dependent variable is the logarithm of
the transport rate. Daily loads are estimated by exponenti-
ating the regression estimates. The explanatory variables in
the regression model typically include one or more of the
following: functions of discharge, typically the logarithm;
other variables which incorporate the concept of hysteresis
[see Hirsch, 1988] or the effect of bed forms, or temperature
as it affects viscosity and shear stress; variables to incorpo-
rate seasonal variations, using trigonometric functions of
time of year or categorical variables for seasons; and vari-
ables to incorporate long-term trends, using time in years or
categorical variables for different multiyear periods.

There are two important issues about such regression
models that are not addressed in this paper. The first is
model selection: the determination of what variables to
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include in the model. The second is the problem of estimat-
ing the regression using instantaneous data as an explanatory
variable and then applying it using a function of the daily
average flow as a predictor variable. The first issue is one
that is common to regression problems and many of the
modern diagnostic tools are probably appropriate for use in
making these decisions. The second issue can lead to sub-
stantial errors in results if two conditions are met: the
variation in flow during the day is large and the relationship
between transport and flow is highly nonlinear. This problem
can always be overcome by subdividing the day into suffi-
ciently small periods that flow variation within each period is
quite small. Unfortunately, much of the available streamflow
data is permanently stored as daily averages and the infor-
mation at finer time steps is not readily available.

In addressing the question of accuracy of the transport
estimates, it is necessary to begin with an examination of the
accuracy of the individual daily load estimates that are to be
summed to make the estimate of the long-term transport.
The sampling properties of such individual retransformed
regression estimators of load have been discussed recently in
the hydrologic literature. Ferguson (1986, 1987] and Koch
and Smillie [1986] have discussed the problems of bias in a
retransformed logarithmic estimator. Cohn et al. [1989],
assuming normally distributed residuals about the logarith-
mic model, give the exact minimum variance unbiased
estimator (MVUE) and its variance, based on the work of
Finney [1941] and Bradu and Mundlak [1970], and discuss
the differences among several estimators over a hydrologi-
cally reasonable range of conditions. The results given by
Cohn et al. [1989] and some results due to Likes [1980] are
used in this paper to give the variance of the sum of
individual retransformed regression estimators of daily loads
using the MVUE. For completeness the first two moments of
three other estimators considered in the long-term transport
problem are presented. The results have significant implica-
tions for the problem of determining the design of long-term
water quality monitoring programs. These are explored in a
simple example.

MATHEMATICAL MODEL AND ESTIMATORS

For many constituents the relationship between concen-
tration (or equivalently load) and flow is taken to be linear in
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the logarithms [Gregory and Walling, 1973]. The model in
this paper considers the same logarithmic structure as by
Cohn et al. [1989]. Let

YG) = In [L()] = Bo + B1Xy(i) + B2Xa(i)

e+ BRX(0) + (i) i=1,2,---, M (1)
where L(i) is the ith value of the load of the constituent of
interest, X () is the ith concurrent value of the jth explana-
tory variable, the g; variables are regression coefficients, the
&(i) variables are error terms and M is the number of
concurrent values of response and explanatory variables. In
matrix notation these M values are represented by

Y=XB+e )

where Y is an M X 1 vector of Y(/) variables, X isan M X (p
+ 1) matrix of explanatory variables, the first column being
a column of 1Is, B is a (p + 1) X 1 vector of regression
coefficients and € is an M X | vector of error terms.

Using these M concurrent values of the Y and X variables,
ordinary least squares estimates, 8, of B, are given by

g=XX)'XY (3)

If X{ =@, Xi(i), ..., X,(i)) is a vector of explanatory
variables at time i then an estimate of Y(i), the logarithm of
the load at time i, is given by ¥(i) = X)B with the properties
of the estimator determined by the properties of the noise
term € in (2). If € is taken to be distributed as multivariate
normal with mean 0 and covariance matrix a2/, where / is
the M x M identity matrix, then ¥(i) is normal with mean
X!@ and variance V;o2, where

Vi=X(X'X)'X;

and o? can be estimated by s> = [/ (M — p — D) XM, %)
as in ordinary least squares where e(i) = Y(i) — (). The
diagonality of the covariance matrix of € is a reasonable
assumption in light of the fact that for most periodic stations
fewer than 12 measurements a year are made. It can be
argued that approximating the near zero off-diagonal terms
of Var (g) with zeros will give acceptable results. The
properties of the estimation error term e(i) are completely
determined by these normality and covariance structure
assumptions. However, the estimation error of interest is the
error in estimating the load, L(i), the antilogarithm of ¥(i).
Cohn et al. [1989] consider three estimators of L(i). The
‘‘rating curve’’ estimator is simply the exponentiation of
(i), denoted by Lgc(i) = exp (¥(i)). As is well known, see
references in the work by Cohn et al. [1989], this rating
curve estimator is biased under the assumption of normally
distributed regression residuals. The question arises as to the
existence of a bias correction factor that can be applied to
the rating curve estimator. Each of the estimators consid-
ered in this paper can be written as a product of the rating
curve estimator and some bias correction factor. Under the
assumed error distribution each of the bias correction factors
is statistically independent of the rating curve estimator.

The quasi-maximum likelihood estimator (QMLE) as pro-
posed by Ferguson is given by multiplying the ‘‘rating
curve’’ estimator by the correction factor exp (s*/2) and is
denoted by
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If in place of s* one used &#° =((M — p —1 )/M)s?, then this
estimator would be the maximum likelihood estimator.

The rationale for using this bias correction factor stems
from the assumption of normality of the regression residuals.
Cohn et al. [1989] show how the moments of Lgc and Loy
can be written in terms of the moment generating functions
of the normal and chi-square distribution functions and thus
show that both these estimators are biased. As an alternative
estimator they present the minimum variance unbiased esti-
mator [Finney, 1941; Bradu and Mundlak, 1970) Lyyyug(i).
The MVUE estimator is given by

n A m+ 1
Luvue(i) = Lrcl)gm| —— (1 - V,)s? S)

> m*(m + 2k) m \* [t*
=0m(m+2)---(m+2k) m+ 1 I; ©

andm=M-p— 1,

A fourth estimator not considered by Cohn et al. [1989] is
the smearing estimator of Duan et al. [1982] and Duan
[1983]. The bias correction factor that yields the smearing
estimator is the average of the exponentiated log regression
residuals, e(j), so that the smearing estimator is given by

where

Imlt) =
k

) 1M
Lm(i) = Lreli) > exp (e())) %)

i=1

The properties of the first three estimators for estimating
individual load events are thoroughly discussed in Cohn et
al. [1989]. The properties of the smearing estimator are given
by Duan et al. [1982] and will be summarized below. Interest
most often centers on estimating sums of such load events
rather than individual events. This is discussed in the fol-
lowing section.

MEAN SQUARE ERROR OF SUMS OF ESTIMATED
LoADp EVENTS

LetX, ,fori=M+ 1, M+ 2,---, M + N be N values of
the explanatory variables for which the N corresponding
values of the constituent loads, L(i) are unavailable. One
quantity associated with the explanatory variables X; for i =
M+ I,M+ 2 -+, M+ Nis the total load, LTOT(8),
defined as

M+ N

2 Ly ®)

i=M+1

LTOT(8) =

where 8 denotes one of the estimators (RC, QMLE, SM, or
MVUE). The mean value, u(6), of LTOT(6), is easily
obtained from the results given by Cohn et al. [1989) for 6 =
RC, QMLE, or MVUE and from Duan et al. [1982] for 8 =
SM. Only w/(MVUE) is equal to the mean value of the sum of
the actual loads. Determination of the mean square error,
MSE(6), of LTOT(6) necessitates evaluating the expected
value of terms of the form £ o(i) £ 4(j) which can be obtained
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directly from the results of Cohn et al. [1989] and Duan et al.
[1982] for ¢ = SM, for i = j. For i # j the expectation can be
obtained from Cohn et al. [1989] for the RC or QMLE
estimators. For the MVUE the required expectation follows
from a result due to Likes [1980] which gives the expected
value of the product of two g,,(¢) functions in which t; = a;W
and t; = a;W where W is a chi-square random variable and
the a variables are real numbers.

For each of the estimators, let Lo(j) = Lge(j) BCF(9)
where BCF(9) is the bias correction factor for estimator 6.
BCF(RC) = 1 and BCF(MVUE) = BCF(MVUE, j); i.e., the
MVUE bias correction factor changes with j because of a
dependence on the value of the explanatory variable.

Then from Cohn et al. [1989] the mean values are

M+ N M+ N
p(RC)= 2 exp(XP+Viol)= 2 pRC Q)
i=M+1 =M+ 1

(9)

w(QMLE) = n(RC) E(BCF(QMLE)) (10)
w(SM) = u(RC) E(BCF(SM)) (n
M+ N
w(MVUE)= 2 exp X+ a2
i=M+1
M+ N
= >  u(RC, i) EBCF(MVUE, i) (12)
i=M+1
where
0'7 —m/2
E(BCF(QMLE)) = (1 - —‘) (13)
m
E(BCF(MVUE, i)) = exp (1 — Vi)a2/2) (14)

and from Duan et al. [1982]

1 M
E(BCF(SM)) = > exp (1 - Vy)ali2) (15)

j=1

Note that the MVUE bias correction factor is the only
correction factor that depends on the values of the explan-
atory variables used in the estimate.

The expected value of the sum of the L(i) values is just
wW(MVUE). The mean square error of LTOT(6) about
w(MVUE) for any @ is given by

M+N M+N

> 2 Cov(ij, 6)+ (B(H)?

i=M+1j=M+1

MSE(8) = (16)

where Cov (i, j, 8) = Cov (Lg(i), Lg(j)) and B(8) = u(6) —
wMVUE).

The covariance terms are obtained from the following
expected values:

(Vi + Vy + 2VU)0'E
> (17)

E(Lrc(i) Lrc(j)) = piu; exp (
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E(Lomie()) Lomie )
= E(Lcti) Lre(/) E(BCFY(QMLE))  (18)
E(Lsm(i) Lsw(/) = E(Lgrc(i) Lre(j) E(BCF*(SM))
(19)
E(Lmvuet) Luvue(i)
= E(Lgeli) Lgre(j)) E(BCF(MVUE, i) BCF(MVUE, j))

(20)
where
wi=exp (X;B) 2n
Vi=X{X'X)'X; (22)
/ 20_;2 —m/2
E(BCFYQMLE)=1(1--— 23)
\' om)
M
b) I )
E(BCFXSM)) = — | 2 exp 21 = Vg)o?))
M k=1
M- M
+2 > > exp(2- Vi~ Vy=2Vyol) (24)
I=1 k=1+1
E(BCF(MVUE. i) BCFIMVUE, j))
(2= V- Vyo!
= exp _._5—__
(1 =Vl = Vyodm+ 1)
“Im o (25)
2m-

Equations (9)-(25) are sufficient to compute the biases and
mean square errors of the four estimators. All the elements
in these equations are either known or estimable from the
data.

APPLICATIONS

The utility of these formulas for mean square error is
twofold. The first application arises in estimating, after the
fact, the MSE of a particular estimate of total load. The
second application is in the development of sampling designs
to achieve a low MSE at a given sampling cost or conversely
a low sampling cost for a given MSE.

In either case the application of the formulas requires the
assumption of a particular model form and values of the
coefficients (B and o). This paper does not consider the
error in estimates of the MSE that are the result of using
fitted model forms and coefficients rather than the true, but
unknown, model form and coefficients. However, it should
be recognized that in cases where substantial amounts of
extrapolation are used (i.e., where the regression model is
applied to data beyond the limits of the X data used for
calibration) the resulting MSE estimates can be severely
biased. The formulas developed in this paper all assume that
the model form is the correct one and that all of the error is
due to sampling error and not lack of fit. In practice this
could lead to serious errors. For example, if the data used in
fitting the model are all from days of low to moderate
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Fig. 1.

Bias, in percent of the mean of the true total load, of the RC, QMLE and SM estimators of total load as a

function of X* for M = 36, N = 1000, 8 = 2.0, §% = 1.0 and o, = 0.5.

discharge, the estimates made at high discharge will be much
more uncertain than the formulas would indicate. This is
because the formulas assume that only the intercept and
slope of the line are unknown whereas, in general, the
functional shape must also be viewed as unknown. Days of
high discharge typically contribute a large fraction of the
load and hence a large fraction of the MSE, and thus when
substantial amounts of extrapolation are involved, the for-
mulas presented here should only be viewed as an approxi-
mation to the MSE of total load.

The quantities necessary for computing the MSE after the
fact are the following: the o,, B coefficients, the means and
covariances of the M values of X in the calibration data set,
and the N actual values of X for which the estimates are
made. To simplify the presentation, it is useful to make some
assumptions. First we will assume that X is univariate (for
example, X is the logarithm of discharge). By making this
assumption the characteristics of the M sample calibration
data set can be described by the statistics X and Sy: the
sample mean and standard deviation of the calibration X
values. Another simplification can be made by assuming that
N is very large in comparison to M (a realistic assumption),

and that the estimate of total load that is being made
excludes the known values of load for the M days on which
measurements exist. This assumption makes the MSE inde-
pendent of the particular values of X in the calibration data
set (it depends only on the two sample moments X and S}).

Furthermore, if N is much larger than M, the MSE, when
expressed as a percentage of the expected value of total
load, is insensitive to the actual value of N and insensitive to
the specific values of X that exist in the sample given that the
distribution for the X data is fixed. Thus one can select a
large N (1000 was used here), and a distribution of X (normal
was used here), and take a random sample of 1000 observa-
tions from that distribution and use them as the data set for
which estimates are to be made. Selecting a different random
sample of 1000, or more, observations will have only a very
slight effect on the computed MSE.

One further simplification, to aid in presenting the results,
is to express the moments of the M calibration values of X in
terms of the moments of the N values of X used to make the
estimates. If the sample mean and standard deviation of
these N values are u, and o,, respectively, then the stan-

S=ZmaaQowmo

muzw

* RC
— QMLE
SMR
* MVUE

e |

Fig. 2. RMSE, in percent of the mean of the true total load, of the RC, QMLE and SM estimators of total load as a
function of X* for M = 36, N = 1000, 8 = 2.0, ST = 1.0 and o, = 0.5.
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RMSE, in percent of the mean of the true total load, of the MVUE estimator of total load as a function of X*

for M = 36, N = 1000, o, = 0.5, §* = 1.0and 8= 0, 1, 2.

dardized statistics to characterize the M calibration values
are

X=X - plo}

S%* = §,/o,. It should be noted that the results given in the
next section based on these simplifying assumptions do not
depend on the distribution of the M calibration values (the
results depend only on their moments) but the results do
depend on the distributional characteristics of the N estima-
tion values.

The other application of the formulas mentioned above is
for the design of sampling strategies. However, because the
X data arise from a stochastic process, it is never possible to
design the sampling plan in the usual sense of the word
‘‘design.”” What is possible is to specify an algorithm to be
used to make decisions about taking a sample at a specific
time. The difficulties faced in developing a good algorithm
are the need to avoid exceeding budgets by taking too many

samples, the need to avoid taking too few samples because
the flow conditions which occur do not lead to many
decisions to sample, the uncertainty as to the flow conditions
that will actually exist at the time the sample will be taken,
and logistical difficulties with limited manpower being called
upon to take many samples in a short period of time at an
entire network of stations. Examination of suitable algo-
rithms is an important research topic but is beyond the scope
of this paper. However, the computations described below
are potentially useful in that they identify the relative impor-
tance of the three key elements in the design of the calibra-
tion sample: the central tendency (X*), the variability (5%),
and the sample size (M). In addition to demonstrating the
relatively obvious advantages of having large values of S}
and M, these examples illustrate the influence of X* and the
idea that the ideal value of X* is a function of the model
coefficient B,.

-ZmOoxmo

muzo

0 + + +—

-1 0 1 2

Fig. 4. RMSE, in percent of the mean of the true total load, of the MVUE estimator of total load as a function of X*
for N = 1000, 8 = 2.0and o, = 0.5, % = 1.0and M = 9, 18, 36, 72.
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RMSE, in percent of the mean of the true total load, of the MVUE estimator of total load as a function of X*

for M = 36, N = 1000, 8 = 2.0 and o, = 0.5, S5 = 0.50, 0.75, 1.00, 1.25 and 1.50.

EXAMPLES

The examples described in this section provide some
insight into the characteristics of the estimators and the way
that the error of transport estimates may be influenced by
changes in the makeup of the calibration data set. As
mentioned above, for these examples it is assumed that only
one explanatory variable is used. In practice, the one ex-
planatory variable might be the logarithm of discharge. In
generalizing these results to the case with muiltiple explana-
tory variables the errors would be a function of a multivari-
ate measure of distance between the calibration data and the
full data set for the period of record.

Figures 1 and 2 show the bias and root mean square error
(RMSE) in percent, respectively, for the four estimators:
RC, QMLE, MVUE, and SM for M = 36, N = 1000, 8, =
2.0, o, = 0.5 as a function of X*. The results shown in
Figures 1 and 2 are computed in the following fashion. A
single sample of N (=1000) observations is drawn from a
standard normal distribution. They are subsequently re-
scaled to have a mean of exactly zero (u, = 0) and a
standard deviation of exactly one (¢, = 1). Then the mean of
the calibration data set (X) is set to an arbitrary value (in the
range —1.0 to +5.0) and the standard deviation of the
calibration data set (S,) is set to 1. Having fixed M, N, 8,
03, the actual values of the 1000 observations of X for which
there are no Y data, and the first two moments of the 36
calibration X data, the bias B(8) can be computed for each of
the four methods.

Note that if the explanatory variable is the logarithm of
discharge, then B; = 2 implies that load is proportional to the
square of discharge, which further implies that concentration
is proportional to discharge. The standard error in log base e
units of the regression in Figures 1 and 2 is 0.5. Expressed as
standard error in percent, this is a standard error of 53% =
100 * (exp (0.5%) - 1)'2.

The MVUE has zero bias, regardless of the value of X*
and so is not shown in Figure 1. As in the case of individual
load estimates, the rating curve estimator of long-term
transport is (generally) biased downward while the QMLE
estimator overcompensates. The nonparametric smearing
estimator is less biased than the QMLE estimator in this

case. Note that the bias in each of the cases shown has a
minimum at approximately X* = 2.0.

Figure 2 shows that the QMLE and SM estimators are
comparable with respect to root mean square error and both
do almost as well as the MVUE estimator. The RC estimator
is the poorest performer over most of the range of X*. Only
in the extremities of the X* range does the RC estimator
approach the root mean square errors of the other three
estimators. Note in Figure 2 that the minimum root mean
square error seems to occur near X* = 2. Figure 3 shows the
root mean square error curves for the MVUE estimator for
By = 0, 1, 2. In all three cases the minimum value of the
curves occur near X* = 8,. On the basis of an approxima-
tion to the sum of the N estimated values of load, this
optimal value of X* can be shown to be equal to 3,, the slope
of the regression line, for the case p = 1. A presentation of
this result, along with the approximation to the RMSE of the
QMLE, SM and MVUE estimators is given in the appendix.

Figures 4 and 5 show the root mean square error of the
MVUE estimator as a function of X*, M and the parameter,
$* which is the ratio of the standard deviation of the logs of
the flows used in calibrating the regression to the standard
deviation of the logs of the N flows used in the estimation of
total load. Figure 4 shows (1) the decrease in RMSE as M
increases from 9 to 72 and §% stays constant at unity and (2)
the increase in RMSE as X* moves away from the optimal
value X* = 2. Figure § shows the decrease in the RMSE
function as §% increases while the other parameters of the
model stay fixed at M = 36, N = 1000, 8 = 2.0 and o, = 0.5.
The more widely the flows used in the calibration of the
regression equation are spread relative to the remaining
flows of interest, the better the estimate of total load will be.
For §% = 1.0 the RMSE of the MVUE is relatively flat with
respect to X*.

CONCLUSIONS

Under the assumption of normality and independence of
the residuals of the log linear multiple regression model,
exact formulations of the first two moments of four reason-
able estimators of the total load are presented. Both the bias
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and root mean square error of each of the four estimators are
functions of M, the calibration sample size, p, the number of
explanatory variables, N, the number of additional values of
the p explanatory variables not in the calibration set, 2, the
mean square error of the regression, B, the regression
coeflicients and the mean and covariances of the explanatory
data used in the calibration set.

As in the case of individual load estimates the QMLE
estimator overcompensates for the bias in the RC estimator.
Interestingly, the nonparametric smearing estimator does a
better job of correcting for the bias than does the QMLE for
the case shown here. Of the three biased estimators, RC,
QMLE and SM, the QMLE and SM have RMSEs compara-
ble to the MVUE while the RC estimator has greater RMSE
over a reasonable range of X*, a standardized measure of
how far the calibration data set is from the remainder of the
data set of interest. For fixed values of N and 8 the RMSE of
the MVUE is a concave upward function of X*, with a
minimum occurring near X* = B, in the case of p = 1.
Increasing the variability (S%) and or the size (M) of the
calibration data set lowers the RMSE and makes the RMSE
less sensitive to X*.

The results presented in this paper provide the means to
estimate the RMSE of a given estimate of total load based on
a log linear regression at a periodic station. However, these
estimates are predicated on assumptions as to the true form
and parameters of the regression relationship which are
usually not known in practice. Nevertheless, the results can
be useful in the process of designing or improving stream
sampling programs for estimating transport.

APPENDIX

The mean square error (MSE) of the three total load
estimators, QMLE, SM and MVUE, are quite similar over
the range of interest if N, the number of individual loads
estimated, is large. Considered as functions of X, these three
MSEs all appear to have a minimum near the value X = u,
+ B,0l. The exact MSEs are complicated double sums for
which derivations of extrema are not easily performed.
However, a certain simplification of the MSEs yields a close
approximation to the actual MSEs and at the same time gives
a mathematically tractable form.

For the case p = 1 and the logarithm of flow being the
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explanatory variable, a good approximation to the MSE of
total load, under the assumption of normally distributed
logarithms of flows, can be obtained as follows.

As above, let

M+ N s2
LTOT(QMLE) = 2, exp (¥ + by(X;— X)) * exp (3)
i=M+1
2 M+ N
R _ —_
= exp (—> xexp(F) 2 exp(b(Xi— X)) (AD
2 i=M+1

Then if N is large, this last summation can be approximated
by an integral with appropriate weights assigned to the
relative occurrences of the X; variables not used in the
calibration of the regression. Remembering that the X;
variables correspond to the logarithms of flow, it is not
unreasonable to take these weights to be proportional to the
relative frequency of occurrence of a normal random vari-
able. Hence the summation can be approximated by N times
the expected value of a lognormal random variable. The
terms b, and X are constant with respect to this approximat-
ing expectation. If the distribution of the X; variables is
taken to be normal with mean u, and variance o then b,(X;
— X) is normal with mean b,(x, — X) and variance b#o?.
Hence exp (b (X; — X)) is lognormal and the summation is
approximated by N exp (b;(p, — X) + (b{02/2)). The total
load is then approximated by

_ st
LTOT(8) =L = N exp (; + Y)

_ bio}
. exp b,(p,—X)+—5—— (A2)

where 8 can be QMLE, SM or MVUE because N is large.

Under the assumptions of independent, normally distrib-
uted & variables for the calibration data set, the random
variables ¥, s? and b, are distributed independently of one
another with the following distributions:

_ o
YN(Bo+ﬁ|X, H) (A3)

HZMmoomw

muz®
8
—_—
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Fig. Al.

Comparison of approximation and true RMSE for M = 9, N = 1000, 8 = 2.0, o, = 0.5 and $* = 1.0.
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ms? ) ab)U + B,
5 ' Xm (A4)

by : N(B;, a(by) (AS)

where az(b,) is the sampling variance of the slope in simple
linear regression.

Hence all the moments of L are easily obtained. If the term
in L containing b} is reexpressed by completing the square,
the form associated with a noncentral x? distribution with
one degree of freedom is easily recognized. [ can be
rewritten as

_ ~(uy — X)? s _
L= Nexp ———27— exp —2- exp (Y)
aX

(o:b1 + (ug /?)/a'x)z
- exp 5 (A6)

To see that the argument of the exponential in the last term
on the right in this last expression is distributed as a
constant, ¢, times a noncentral xz with noncentrality param-
eter, A, note that b, is distributed as

where U is distributed as N(0, 1). The moment generating
function of a noncentral x? is given by Johnson and Kotz
[1970, p. 134]. The constants ¢ and A are given by

(wy =X\ 2
Q= o’fa'z(bl)IZ A= ([h + X—z— la¥(by) (A7)
a

X

Using these results the kth moment of L is given by

—k(u, — X)?
E(L* = N* exp (—(—#2—2—))
o.x

ko,z —m/2 kzaz
: (1 ——m—) exp (k(ﬁo+ BiX) + ——)

M
Ake
(1 -2kp) 12 —
( @) “exp 1= 2kg

Note that the following two inequalities must be satisfied

(A8)

2
P
E
R
c
E
N TRUE
T = APPROX
R
M
s
E

54

) - ' ' o —

-1 0 1 2 3 4 5
Yo

Fig. A3.

Comparison of approximation and true RMSE for M = 36, N = 1000, 8 = 2.0, o, = 0.5 and §* = 1.0.
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Fig. A4. Comparison of approximation and true RMSE for M = 72, N = 1000, 8 = 2.0, ¢, = 0.5 and §* = 1.0.
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£

<1
2m

2ke <1

Hence for & large enough these moments will fail to exist and
the approximation will not be valid.

The mean square error as a fraction of total load is then
approximated by

_E(L'z)—EZ(L")_ | a\" 202\ 2
T Een U Ut

2
< (1 -2¢)1 — 4¢) " exp (2 + ——41)‘——> -1
M (1 - 4e)(1 - 2¢)

The value of X that minimizes this approximation to the
relative mean square error of the total load estimate is easily
found by noting that the only term that depends on X is A.
(Note that the normality assumption allows the choice of X
independently of $2.) This minimizing value, X, of X is
given by

MSE

Xnin = px T Blo's

Figures A1-A4 show how closely the simplified relative
MSE approximates the true relative MSE of the MVUE
estimator for N = 1000, 8; = 2.0, ¢, = 0.5, 5% = 1.0,and M
=9, 18, 36, 72. Another approximation can be obtained for
the expected value of LTOT(9) by first squaring LTOT(8) in
(A1) and then approximating the double sum by a double
integral. This will result in an approximation to the MSE
differing only by an additive term proportional to 1/N.
Because the approximation is obtained for large N and the
approximation using (A8) lends itself more easily to differ-

entiation with respect to X, the simpler approximation is
shown here.
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