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Estimating Constituent Loads
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Several recent articles have called attention to the problem of retransformation bias, which can arise
when log linear regression models are used to estimate sediment or other constituent loads. In some
cases the bias can lead to underestimation of constituent loads by as much as 50%, and several
procedures have been suggested for reducing or eliminating it. However, some of the procedures
recommended for reducing the bias can actually increase it. This paper compares the bias and variance
of three procedures that can be used with log linear regression models: the traditional rating curve
estimator, a modified rating curve method, and a minimum variance unbiased estimator (MVUE).
Analytical derivations of the bias and efficiency of all three estimators are presented. It is shown that
for many conditions the traditional and the modified estimator can provide satisfactory estimates.
However, other conditions exist where they have substantial bias and a large mean square error. These
conditions commonly occur when sample sizes are small, or when loads are estimated during high-flow
conditions. The MVUE, however, is unbiased and always performs nearly as well or better than the
rating curve estimator or the modified estimator provided that the hypothesis of the log linear model
is correct. Since an efficient unbiased estimator is available, there seems to be no reason to employ

biased estimators.

INTRODUCTION

There has recently been considerable discussion related to
methods for estimating the loads of constituents carried by
streams [Ferguson, 1986, 1987; Koch and Smillie, 1986;
Richards and Holloway, 1987; Young et al., 1988]. In
general, these papers have considered the case where one is
interested in estimating loads for a single stream. In such
cases, the use of biased estimators has been justified by
virtue of their simplicity and, perhaps, by some desirable
sampling properties [Lee, 1982]. However, biased estimators
can introduce substantial errors in many situations. In par-
ticular, where multiple tributaries must be considered, as is
often the case when estimating total loads to an estuary, the
relative importance of bias tends to increase; the random
errors in the estimates for each tributary will tend partially to
offset one another, while the error due to bias will tend to
accumulate.

Recent articles by Ferguson [1986, 1987) and Koch and
Smillie [1986) have pointed out that the traditional rating
curve method for estimating mean constituent loads can be
highly biased and may lead to the severe underestimation of
loads. The bias is introduced in the retransformation from
“log space,”” where regression estimates are derived, to
“real space,”’ generally the realm of interest. Ferguson
[1986) recommends a simple correction for reducing the bias.
Unfortunately, the recommended correction, although satis-
factory in many practical situations, does not eliminate bias
and can lead to severe overestimation of loads.

This paper summarizes the sampling properties of the
uncorrected estimator and the ‘‘bias-corrected™ estimator
and describes an exact, minimum variance unbiased
(MVUE) procedure [Finney, 1941; Bradu and Mundlak,
1970; Lee, 1982].
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A GENERAL MODEL FOR CONSTITUENT
CONCENTRATIONS OR LOADS

Many methods for estimating concentration or load as-
sume that a relationship exists between the logarithm of
constituent concentration [In (C)] and the logarithm of flow
[In (Q)) or other explanatory variables. The relation is usu-
ally expressed as a linear model

Yshn(C)=B+BIn(Q)+e=pn+e ()]

where In () represents the natural logarithm function, B,
and B, are the coefficients of the model, u is the conditional
mean of Y given Q, and ¢ is a normal random variable. In
practice, concentrations are measured relatively infre-
quently, and it may be assumed that each of the g in a
sample is independent of the others.

Equation (1) corresponds to the multiplicative model

C=exp(un

= exp (Bo)Q%n (2)

where 7 is a lognormal random variable. It is important to
note that C is a random variable. The conditional (upon Q)
median of C is given by exp (B8,)Q", whereas the conditional
mean is given by exp (8,)Q" exp (¢,%/2), where o, is the
variance of & [Aitchison and Brown, 1981].

The load L corresponding to C and Q is given by

L=KCQ (3)

where K is a unit conversion factor. Thus the expected value
of Lis

E[L) = KQE[C]

= K exp (By)Q*E[n]Q = K exp (B)Q” * 'E[n] 4)

Because K and Q are considered fixed, the analysis pre-
sented here for estimating concentrations applies equally
well to estimating loads. For example, the biases and stan-
dard deviations of the concentration estimators, when ex-
pressed in percentage terms, are identical to those of the
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model relating In (L) to In (Q). The results in this paper also
apply to more complex regression models that might include
one or more different functions of flow, or other variables
related to seasonality, long-term trend, or hydrograph hys-
teresis as explanatory variables. However, a cautionary note
is required: all of the procedures described below are based
on the assumption that constituent concentrations obey a
specified log linear model. This appears to be approximately
true in many cases, but in practice one should always assess
the validity of the model before applying it. The conse-
quences of model misspecification can be much more serious
than the effect of retransformation bias.

ESTIMATING THE 8 VECTOR

Assume there exists a sample of constituent concentration
data C = {C, -+ Cu}, and the corresponding instantaneous
flow data Q = {Q, *** Qx}, measured at times {r, -+ t5}.
Also, assume there exists essentially continuous measure-
ment of flow. To simplify the notation, let Y be a vector
containing the logarithms of C, and let X be an N X 2 matrix
containing a vector of ones in the first column and the
logarithms of Q in the second column. When estimating k =
2 parameters, one can derive ordinary least squares esti-
mates for o,? and

B={Bo Bl =(X'X)"'X'Y (5)

where the apostrophe indicates transposition [see Draper
and Smith, 1981]). An unbiased estimate of the expected
value of the logarithm of C, denoted u, for arbitrary flow Q*,
is given by

= Bo+ By In(Q*) = XB (6)

where X = {1, X*} = {1, In (Q*)}. It can be shown that j is
a normal random variable with mean p = XB and variance
Va2, where V = X(X'X) " 'X'. For the bivariate case consid-
ered here,

N

l - 4 - %
Nt In® (Q*) % (In (Q) = In Q)°

i=1

V= {}% +In? (Q‘)/E (In (Q) - ﬁ)’}

V=

where
L aas N
InQ= 2 In (Q)/N
i=1

The problem of estimating the logarithms of concentra-
tions is completely solved by (6). However, log concentra-
tions are seldom of interest; it is usually desirable to provide
results in real space. It is in the retransformation from log
space to real space that the bias complications are intro-
duced. We will now consider some estimators for E[C] =
exp (u + 0,’12).

RATING CURVE RETRANSFORMATION METHOD

The simplest and probably most widely used retransfor-
mation method is to exponentiate .
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Cre = exp () = exp (XB) = exp (By)Q* W)

This is frequently called the ‘‘rating curve'’ method. Fergu-
son [1986) points out, as did Sichel [1952), Lane [1975],
Landwehr [1978), DeLong [1982), Lee [1982], and DeLong
and Wells [1987), among others, that Cr. is a biased
estimator for E[C). Since i is a normal N(u, Veo,?) variate,
exp () is lognormally distributed with parameters (u, Va,?).
Thus the mean of exp (x) is given by [Aitchison and Brown,
1981)

E[Crc) = exp (1] exp [V, 2]
= E[C) exp [(V = 1)o 2] (8)

In most cases, this implies that Crc is biased downward.
However, E[C ] can be greater than E[C] if Q* happens to
be much higher or lower than the sampled Q on which the
rating curve is based.

Similarly, the variance of Cgc is computed from the
moments of a lognormal variate:

Var [Cre) = El(Cre)) = E(Cre]
= exp [2u + 2Vo ) — exp [2u + Vo)

= exp [2u + Vo, Yexp [Vo,7] - 1} 9)

Quast MAXIMUM LIKELIHOOD ESTIMATOR
(QMLE)

Ferguson [1986] recognizes the bias of the rating curve
method and recommends multiplying Cre by exp (s%/2),
where

to eliminate the bias:

Come = exp (1) exp (s’2) (10)

The estimator behaves well if V is small and exp (s*/2) is a
satisfactory estimator for exp (o,%/2).

The expected value of CQ,,,_E can be obtained by noting
that s? and u are independent, and thus

ElCome) = Elexp ()E[exp (s72))
’ ol]-™
= E[C] exp [(V - Uo,'fz][l - 7’} (1)

where m = N — k is the number of degrees of freedom in the
error distribution. The expected value of the second factor is
obtained from the moment generating function of a X
random variable.

The variance of (",_,\,,,, can be computed as above, after
noting that

El(exp (s*72))*] = Elexp (259))

27 = w2
- R
=|1-
m

(12)
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FUNCTION GM (DF, ARG)

O N N A S S NS ESSSSssssSSEE

C

Cc FUNCTION TO COMPUTE FINNEY'S gm(t)

C

C AUTHOR..cccccee TIM COHN

C DATE.cccoccsscee OCTOBER 1, 1986

Cc

C DF R*4 NUMBER OF DEGREES OF FREEDOM OF RESIDUALS
C ARG R*4 ARGUMENT TO FINNEY'S FUNCTION
C

C

C

DATA TOL/1.E-7/

IF (ABS (ARG) .GT. 50.0) THEN

WRITE(*,*) 'MAGNITUDE OF ARG IS TOO LARGE (GM)'
GM = 0.0
RETURN

ENDIF
GM = 1.0
IF(DF .LE. 0.0) RETURN
BT = ARG*DF**2/(2.0*(DF+1.0))
TERM - X0

DO 10 P=1,1000
TERM = TERM * BT/ ((DF/2.04P-1.0) *P)
GM = GM+TERM

IF(P .GT. 1.0 .AND. ABS(TERM) .LT. TOL) RETURN
10 CONTINUE
WRITE(*,*) 'GM DID NOT CONVERGE'
RETURN
END

Fig. 1. The FORTRAN function above evaluates g,( ) for an argument in the range (50, 50). If necessary, up
to 1000 terms are evaluated; however, fewer than 10 terms are usually needed to satisfy the convergence criterion

(1.0E-7).
Var [Coumee] = H‘(“(HH o]~ 1‘5:[(“().‘11.;.] A!(hough itis unli_kcl)’ that the mean or v(aria.ncc qf ("‘_,\,,,
2 A will be undefined in most hydrologic applications, it will be
- exp 20 + 2V 2| 1 7 2 shown that the bias and variance of the estimator can be
- ) - T LV - ®
Pl . ‘m large under plausible circumstances.

2 m

- o i MUN : Fe

— exp [2u + hr,'][l - } BRADU-MUNDLAK ESTIMATOR
m

Bradu and Mundlak [1970] derive an estimator, based on
10:} m2 work by Finney [1941), that has desirable properties al-

though it is somewhat more complicated than the QMLE
estimator. However, one of the authors [DeLong, 1982] has
[ (,'3} m} used the estimator in practice in a nonregression context.

=exp [2u + Vu,:]{c\p [\'u,:][l -
m

§ = o (13) Define
m

g m+ 1 ~
e " . 2 Cuvue = exp ()8 (1 -WV)s? (14)
T'he mean of C,, is undefined for o,* > N — k, and in s P )Em 2m { }
QMLE v . E
general the pth moment is undefined for o, > (N — k)/p.
where
TABLE 1. Quantiles of Flow Assuming a Standard Lognormal 1‘ ' (m + 2p) m \?(Z
Distribution g.(2)= S —_ (15)
e(jm(m*l»~-lm* 2p) \m+ 1 p!
Quantile Log Flow (X*) Flow (Q*) g
, e o.t Bradu and Mundlak show that C,,y, is an unbiased esti-
b"‘ e 128 03 mator for E[C). As an unbiased function of sufficient statis-
0.1 d - . . . . . . . .
Qo 0.00 1.0 tics, it is optimal, in the sense of minimum variance, among
Qi0.90) 1.28 3.6 all unbiased estimators, regardless of sample size (for dis-
(.:mw- i 32 10.2 cussion, see Bradu and Mundlak [1970)).
2”2 e . = -
b‘“""” ‘23 ;;‘,) The variance of C,,yue is [Bradu and Mundlak, 1970;
(0.9999) 2.0 2

Likes, 1980]
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Fig. 2.

Var (Cyvue)=exp Qu)exp (20,°V)
- G,((1 = V)a22) —exp (¢} (17)
where

I'(m”2) (m + 2h - l) A

Gnl(2) = hzu l——‘(mfl rya) h Zz

(18)

2m+1)
= exp (22)gnl 2"
m

While the equations may be somewhat intimidating, they
have been tabulated [Bradu and Mundlak, 1970] and can be
computed easily (see Figure | for FORTRAN listing).

Discussion

An example may help to illustrate the percent bias and
root-mean-square error (rmse) of the estimators. Suppose
we want to regress the logarithm of concentration {In (C)} on
the logarithm of flow {In (Q)}. This corresponds to estimating
k = 2 unknown parameters: fB,, the constant; and g,, the
coefficient relating In (C) and In (Q). Without loss of gener-
ality, we can assume that

Bias of Cpc and (‘,_,\,, , as a function of the standardized logarithm of the predictor variable Q*, expressed as
a percent of the true load. Here o,°

1.0and N = 22.

N
S In(Q) =0 and

i=|

‘\‘ In® (Q) -1
?‘l Nt

and that {B,. B,}' = {0, 1}". The reader may choose to think
of the flows as lognormal variates, whose quantiles are given
in Table 1.

Given a particular model form, the percent bias and rmse
of estimators for E[C) are functions of three factors: the
sample size (N) of the data set used to calibrate the model;
the proximity of the desired explanatory variables (in this
case X*, the logarithm of flow) to the values used in model
calibration; and the variance of the residuals (o,%).

Figure 2 displays the percent bias of the various estimators
of concentration as a function of the value of Q*, assuming
there are N = 22 observations of constituent concentration
for estimating the model parameters with log space standard
error of residuals o,> = 1.0 (CV = 131%). As anticipated,
Cre shows negative bias for most values of Q*, while for
very large or small values of Q*, Crc is positively biased.
(ow' is nearly unbiased for moderate values of Q*, but

300%

P

E

R

C 200%

¢ — RMSE[QMLE)

;‘ — RMSE[RC)
RMSE[MVUE]

s 100%

s

£

0% + P—

STANDARDIZED LOGARITHM OF FLOW

Fig. 3

The rmse of C -, ("‘,\,, & and Cy,y 0 as a function of the standardized logarithm of the predictor variable Q*,
expressed as a percent of the true load. Here o,

1.0and N = 22
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Fig. 4. Relative rmse of Cg and ¢ omee s a function of the standardized logarithm of the predictor variable Q*,
expressed as a percent of the rmse of Cuvue Here 02 = 1.0and N = 22.

shows increasingly positive bias for either large or small
values of Q*. The bias becomes very large for large values of
Q*. Such values of Q* may correspond to those times when
accurate estimates are most needed. The MVUE is not
shown because it is unbiased in all cases.

Figure 3 displays the percent rmse of the estimators as a
function of the value of the logarithm of Q*. It is apparent
that the rmse of CQM,_E always exceeds the rmse of Cypg-
Cre has the lowest rmse for many values of Q*. In fact,
there exist estimators with even smaller rmse [Rukhin,
1986). However, the rmse of Cr is at most only slightly
lower than that of Cy,ype. Carvure has the lower rmse for
either large or small values of Q*.

Figure 4 displays the same information as Figure 3, except
that in Figure 4 the rmses of - and C g, are expressed
as a percentage of the rmse of €,y This is called the
relative root-mean-square error (rrmse). The case in Figure 5
corresponds to that of Figure 4 except that Q* and o’ are
both set equal to unity, and the sample size N is varied from
S to 100. As the sample size increases one sees that Couus
converges rapidly 10 Cyyye. although the rmse of Coup e
always exceeds that of C,yue For large N, the Cprc is
dominated by its substantial bias, and it performs much
worse than the other estimators.

Figure 6 illustrates the effect of ,? on the performance of
the estimators, with N fixed at 22, and Q* equal to unity.
Here one sees that com_s does well for low or moderate
values of %, but has considerably higher rmse than -
for o,? greater than 1.0. At o,” = 1.0, Cre has a rmse that is
about 50% above the rmse of Cpyy e OF Conrre-

It should be noted that the discussion has centered on fully
parametric estimators. These are efficient where the as-
sumed model adequately describes the physical situation.
However, there are no guarantees that the assumed model
will be adequate. In many cases, particularly with hydrologic
data, it may be desirable to employ a nonparametric estima-
tor, such as the **‘smearing estimator’’ of Duan [1983]. Also,
Thomas [1985) provides a probability-based sampling proce-
dure that provides unbiased load estimates even if the model
is misspecified.

CONCLUSIONS

Several recent articles about retransformation bias have
called attention to a serious problem that may lead to
underestimation of constituent loads by as much as 50%.
However, several of the procedures suggested for reducing
the bias can actually increase the bias in some cases. In this
paper, the bias and variance have been derived for three

300.00%
P
£
R
‘E: 200.00%
rTq — RRMSE[RC)
— RRMSE[QMLE)
R
R 100.00%
» F 4
S
£
0.00% + + N '
0 20 40 60 80 100

NUMBER OF OBSERVATIONS (N)

Fig. 5. Relative rmse of Cy and (‘u‘,,,,, as a function of the number of observations N, expressed as a percent of the
rmse of Cyyype- Here 0,2 = 1.0 and Q* = 1.0.
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Fig. 6. Relative rmse of €y and (’"‘,\,, . as a function of the value of o,%, expressed as a percent of the rmse of Cosvin
Here Q* = 1.0and N = 22.

estimators that can be used with log linear regression mod-
ols: Cpes C(,.,,_k. and Cy,ype- It has been shown that for
many conditions Cp. and ("Q.w,r. can provide satisfactory
estimates. However, other conditions exist where they have
substantial bias and a large mean square error. These con-
ditions commonly occur when sample sizes are small, or
when loads are estimated during high-flow conditions. If one
can assume that the hypothesis of the log linear model is
correct, Cy,y e always performs nearly as well, and in many
cases much better, than Cre or Coupp. Since Crpypp is
unbiased and reasonably easy to use, there seems to be no
reason to employ biased estimators.
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